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Abstract. Beligiannis andMarmaridis [Comm. in Algebra, 22(12)
(1994), 5021-5036] constructed the left and right triangulated struc-
tures on the stable categories of additive categories induced from
some homological finite subcategories. We extend their results to
slightly more general settings. As an application of our results
we give some new examples of stable categories which have left or
right triangulated structures from abelian model categories. An
interesting outcome is that we can describe the pretriangulated
structures of the homotopy categories of abelian model categories
via the ones of stable categories.
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1. Introduction
In [18] J. -L. Verdier introduced the notion of triangulated structures
on an additive category equipped with an additive autoequivalent func-
tor. Verdier’s triangulated category can be viewed as “stable” in the
sense that the endofunctor is an equivalence. Almost at the same time,
in [15, Theorem I.2.2, Proposition I.3.5] D. Quillen proved that the
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homotopy categories of his pointed model categories carried some ana-
logues triangulated structures which satisfied Verdier’s triangulated ax-
ioms except that the corresponding endofunctors are not equivalences.
This can be seen as the first step for studying the “unstable” trian-
gulated categories in the sense that the endofunctor needs not to be
an equivalence. Later, K. S. Brown generalized Quillen’s result to the
homotopy categories of “categories of fibrant objects” [6, Theorem 3].
For additive categories, such “unstable” triangulated structures also
have been studied by many authors [14], [4], [3] and [5].
Recall that a left triangulated category is an additive category C
equipped with an additive endofunctor Ω ( called the loop functor) and
a class of left triangles which satisfies Verdier’s triangulated axioms [4,
Definition 2.3]. Dually, there is a notion of right triangulated category.
The additive categories equipped with homological finite subcategories
are important examples of the left (right) triangulated categories. Let
C be an additive category and X a full additive subcategory of C. If X is
contravariantly finite in C and any X -epic has a kernel, A. Beligiannis
and N. Marmaridis proved that the stable category C/X has a left
triangulated category; the loop functor Ω and the class of left triangles
are defined via right X -approximations [4, Theorem 2.12]. Dually, if
X is covariantly finite in C and any X -monic has a cokernel, the stable
category C/X becomes a right triangulated category. If C is an abelian
category and X is a functorially finite subcategory, then the stable is
a pretriangulated category which is an additive category C equipped
with an adjoint pair (Ω,Σ) of endofunctors and in addition with classes
of left and right triangles. The classes of left and right triangles satisfy
compatible conditions [5, Chapter II.1].
LetA be a bicomplete abelian category. M. Hovey discovered a corre-
spondence between the abelian model structures on A and the compat-
ible complete cotorsion pairs of A [13, Theorem 2.2]. The connection
between model structures and cotorsion pairs is also discussed by A.
Beligiannis and I. Reiten in [5, Chapter VIII]. By Hovey’s correspon-
dence, given an abelian model structure of A, there are two compatible
complete cotorsion pairs (Ac,Af ∩ Atriv) and (Ac ∩ Atriv,Af), where
Af (respectively Ac) is the full subcategory of fibrant (respectively cofi-
brant) objects and Atriv the full subcategory of trivial objects of A. In
particular, Ac,Af are additive subcategories of A. Let ω be the full
subcategory of trivial bifibrant objects of A. Then ω is contravariantly
finite in Af and covariantly finite in Ac. Especially, ω is functorially fi-
nite in Acf = Ac∩Af and the homotopy category Ho(A) of the abelian
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model category A is equivalent to the stable category Acf/ω [5, The-
orem VII.4.2], [9, Proposition 4.3,4.7], [2, Proposition 1.1.14]. So by
D. Quillen’s theorem [15, Theorem I.2.2, Proposition I.3.5], Acf/ω has
a pretriangulated structure in the sense of [3, Definition 4.9] induced
from Ho(A). Unfortunately, in general, it is difficult to describe explic-
itly the pretriangulated structure of Ho(A) and Acf/ω. We ask if it
is possible to realize the stable categories Af/ω as a left triangulated
category and Ac/ω as a right triangulated category, and if these left
and right triangulated structures induce the pretriangualted structure
of the homotopy category Ho(A) and the stable category Acf/ω. Now
ω-epics doesn’t necessarily have kernels in Af and ω-monics doesn’t
necessarily have cokernels in Ac. Also, we don’t know how to realize
the stable categories as the homotopy categories of some model cate-
gories. So both Beligiannis-Marmaridis’ s theorem [4, Theorem 2.12]
and Quillen’s result [15, Theorem I.2.2, Proposition I.3.5] fail in this
case. We observed that in such case, special ω-epics (see Definition 3.3)
have kernels in Af and special ω-monics (see the dual of Definition 3.3)
have cokernels in Ac. These motivate us to give the following theorem
(Theorem 3.6):
Main Theorem 1: Let C be an additive category and X a full
additive subcategory of C.
(1) If X is contravariantly finite in C and any special X -epic has a
kernel in C, then the stable category C/X has a left triangulated struc-
ture induced by X .
(2) If X is covariantly finite in C and any special X -monic has a
cokernel in C, then the stable category C/ω has a right triangulated
structure induced by X .
The proof of this theorem is along the idea of Beligiannis-Marmaridis
[4]. Beliannis-Marmaridis’s theorem [4, Theorem 2.12] is a special case
of our Main Theorem 1. As an application, for a bicomplete abelian
model category A, we see that the stable category Af/ω has a left
triangulated structure induced by ω and Ac/ω has a right triangulated
structure induced by ω. So by our Main Theorem 1, we can get more
examples of “unstable” triangulated categories. In particular, for an
abelian model category A, using the left (respectively right) triangu-
lated structure of the stable category Af/ω (respectively Ac/ω) we
can describe the left (respectively right) triangulated structure of the
homotopy category Ho(Af) (respectively Ho(Ac)) (See Theorem 4.12):
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Main Theorem 2: Let A be an abelian model category and ω the
full subcategory of trivial bifibrant objects of A.
(1) The left triangulated structure of Af/ω induces a left triangulated
structure of Ho(Af).
(2) The right triangulated structure of Ac/ω induces a right trian-
gulated structure of Ho(Ac).
These left and right triangulated structures induce the pretriangu-
lated structures of the homotopy category Ho(A) and the stable cate-
gory Acf/ω (see Corollary 4.14).
The paper is organized as follows. In Section 2, we recall the con-
structions of loop and suspension functors on the stable category of
an additive category induced by homological finite subcategories in [4].
In Section 3.1 and 3.2, we recall the notion of the left (right) trian-
gulated category in [4] and give the notions of a special X -epic and
a special X -monic. In Section 3.3, after the distinguished left (right)
triangles are defined on the stable category C/X , we prove our Main
Theorem 1. In Section 4, we construct some examples which satisfy
the assumptions of our main theorem from abelian model categories
and prove our Main Theorem 2. In Section 5, the appendix, we show
that if the stable category of an additive category is induced by some
homological finite additive subcategory which is closed under direct
summands, then the corresponding stable category can be realized as
the homotopy category of a fibration category or cofibration category.
2. The loop and suspension functors on the stable
categories
Let C be an additive category and X an additive subcategory of C.
In this section, we recall the constructions of the loop (respectively
suspension) functors under the assumption that X is contravariantly
(respectively covariantly) finite in C and any right (respectively left)
X -approximation has a kernel (respectively cokernel)[4]. We begin by
giving some basic definitions and notations of homological finite sub-
categories in [1].
2.1. Homological finite subcategories and stable categories.
Let C be an additive category and X an additive subcategory. By
a right X -approximation of an object C in C we mean a morphism p
C
:
XC → C with XC ∈ X such that the induced map HomC(X,XC) →
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HomC(X,C) is surjective for all X ∈ X . The subcategory X is said
to be contravariantly finite in C if each object C of C has a right X -
approximation.
Dually, one can define left X -approximation of an object C in C
and X is called covariantly finite in C if any object of C has a left X -
approximation. We say that X is functorially finite in C if it is both
contravariantly and covariantly in C.
Given morphisms f, g : C → D in C, we say that f is stably equivalent
to g, written f ∼ g, if f − g factors through some object of X . It is
well known that stable equivalence is an equivalence relation which is
compatible with composition.
Let C/X be the stable category. That is a category whose objects
are the same as C and whose morphisms are stable equivalence classes
of C. Let pi : C → C/X be the canonical quotient functor. The image
pi(C) of C ∈ C is denoted by C and the image of pi(f) of any morphism
f is denoted by f .
2.2. The loop and suspension functors on the stable categories.
Let X be a contraviantly fintie subcategory in an additive category C.
Suppose that any right X -approximation has a kernel in C. For each
object C of C, assign a right X -approximation p
C
: XC → C with kernel
KC . Given a morphism f : C → D in C, take right X -approximations
p
C
of C and p
D
ofD respectively. Then there is a commutative diagram
with exact rows:
0 // KC
ιC //
κf

XC
xf

p
C // C
f (∗)

0 // KD
ιD // XD
p
D // D.
With above notations, define a functor Ω : C → C/X as follows: Ω
maps each object C ∈ C to KC and each morphism f : C → D to
κf . This functor is well-defined. In fact, assume that there is another
x′f such that pDx
′
f = fpC , then pD(xf − x
′
f ) = 0. Thus there exists a
morphism l : XC → KD such that xf − x
′
f = ιDl since KD = ker pD .
Since xf ιC = ιDκf and x
′
f ιC = ιDκ
′
f , we have ιD(κf − κ
′
f ) = (xf −
x′f)ιC = ιDlιC . Then κf − κ
′
f = lιC since ιD is a monomorphism. That
is to say κf = κ
′
f .
For two morphisms f, g : C → D, if f = g, by definition, f − g
factors as a composite C
t
→ X
s
→ D with X ∈ X . Since p
D
is a
right X -approximation, there exists a morphism l : X → XD such that
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p
D
l = s. Then p
D
(xf − xg) = (f − g)pC = stpC = pD ltpC and thus
p
D
(xf − xg − ltpC ) = 0. Similarly to the above discussion, at last we
see that κf = κg. So the functor Ω : C → C/X induces a functor
C/X → C/X which sends each object C to Ω(C) and each morphism
f to Ω(f). We call this functor a loop functor and still denote it by Ω.
Dually, suppose X is a covariantly finite subcategory of C and any
left X -approximation has a cokernel in C. Assign each object C ∈ C
a left X -approximation C
iC→ XC with cokernel KC , we can define a
functor Σ : C → C/X which sends object C to KC . We call the induced
functor on C/X a suspension functor and still denote it by Σ.
3. The left (right) triangle structures on stable
categories.
This section is devoted to giving a left (respectively right) triangle
structure on the stable category C/X under the assumption that every
special X -epic (respectively X -monic) morphism has a kernel (respec-
tively cokernel) when X is a contravariantly (respectively covariantly)
finite subcategory in C. For simplicity, we only concentrate on the dis-
cussion of the left triangulated structure on C/X . We begin by recalling
the definition of a left (respectively, right) triangulated category in [4].
3.1. The left and right triangulated categories. Let C be an
additive category and Ω an additive covariant endofunctor on C. Let△
be a class of left triangles of the form Ω(A)
h
→ C
g
→ B
f
→ A. Morphisms
between left triangles are triples (γ, β, α) of morphisms which make the
following diagram commutate
Ω(A)
h //
Ω(α)

C
g
//
γ

B
β

f
// A
α

Ω(A′)
h′ // C ′
g′
// B′
f ′
// A′.
Definition 3.1. The pair (Ω,△) is called a left triangulated structure
on C if △ is closed under isomorphisms and satisfies the following four
axioms:
(LT1) For any morphism f : B → A there is a left triangle in △ of
the form Ω(A)→ C → B
f
→ A. For any object A ∈ C, the left triangle
0→ A
1A→ A→ 0 is in △.
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(LT2) (Rotation axiom) For any left triangle Ω(A)
h
→ C
g
→ B
f
→ A
in △, the left triangle ΩB
−Ω(f)
→ Ω(A)
h
→ C
g
→ B is also in △.
(LT3) For any two left triangles Ω(A)
h
→ C
g
→ B
f
→ A,Ω(A′)
h′
→
C ′
g′
→ B′
f ′
→ A′ in △ and any two morphisms α : A → A′, β : B → B′
of C with αf = f ′β, there is a morphism γ : C → C ′ of C such that
(γ, β, α) is a morphism from the first left triangle to the second.
(LT4) (Octahedral axiom) For any two morphisms g : C → B and
f : B → A, let Ω(B)
m
→ D
k
→ C
g
→ B, Ω(A)
n
→ E
h
→ C
fg
→ A,Ω(A)
i
→
F
l
→ B
f
→ A be the left triangles in △ corresponding to g, fg and f
respectively. There is a commutative diagram
Ω(F )
mΩ(l)

Ω(B)
m //
Ω(f)

D
k //
α

C
g
// B
f

Ω(A)
n // E
h //
β

C
fg
//
g

A
Ω(A)
i // F
l // B
f
// A
where the second column from the left is a left triangle in △.
Dually, we can define the right triangulated structure (Σ,△′) on C,
where Σ is a covariant additive endofunctor of C and △′ is a class of
right triangles of the form A → B → C → Σ(A) which satisfies the
dual right triangulated axioms.
An additive category C is called a left triangulated category if there
is a left triangulated structure on C. Dually, an additive category C
is called a right triangulated category if there is a right triangulated
structure on it.
Remark 3.2. If the endofunctor Ω (respectively, Σ) is an autoequiva-
lence, the left (respectively, right) triangulated category (C,Ω,△) (re-
spectively, (C,Σ,△′)) is a triangulated category in the sense of Verdier
in [18].
3.2. Special X -epic morphisms. Let X be a contravariantly finite
subcategory of an additive category C. Recall that a morphism f :
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B → A in C is called an X -epic if for any X ∈ X the induced map
HomC(X, g) : HomC(X,B)→ HomC(X,A) is surjective.
Definition 3.3. A morphism f : B → A in C is called a special X -epic
if it is of the following form:
B ⊕XA
(g,pA)
−→ A
where g is a morphism of C and p
A
is a right X -approximation of A.
By definition, a right X -apprixomation is a special X -epic and a
special X -epic is an X -epic.
Dually, if X is covariantly finite in C, we have the notions of an
X -monic and a special X -monic.
Let C be an additive category and X an additive subcategory of C.
Assume that X is contravariantly finite in C and any special X -epic
has a kernel. Then the pullback of any morphism f : B → A along the
right X -approximation p
A
: XA → A exists and there is a commutative
diagram
0 // KA
ζ
f
// PB(f)
θ
f

η
f
// B
f (∗∗)

0 // KA
ιA // XA
p
A // A
with exact rows and right square being a pullback. This is since (f, p
A
) :
B⊕WA → A is a special X -epic and thus it has a kernel by assumption.
We denote its kernel by PB(f). Furthermore, in the above diagram, η
f
is X -epic by the universal property of pullback and the X -epic property
of p
A
. In fact the assumption that any special X -epic has a kernel is
equivalent to the existence of the pullback for any form of the diagram
B
f

XA
p
A // A
with p
A
being a right X -approximation and f a morphism in C.
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If g : C → B is an X -epic with a kernel, then we have a commutative
diagram with exact rows in C :
0 // KB
ιB //
γg

XB
δg

p
B // B
(∗∗∗)
0 // ker g
ιg
// C
g
// B
where the existence of δg is since g is X -epic andXB ∈ X . Furthermore,
it is not difficult to see that γg is independently on the choice of δg in
the stable category C/X .
The following lemma is the tool for us to prove the octahedral axiom
for the left triangulated structure in the stable category C/X in the
next section. Compare Lemma 2.11 of [4].
Proposition 3.4. Let C be an additive category and X a contravari-
antly finite subcategory in C. Assume that any special X -epic has a
kernel in C. Let g : C → B, f : B → A be two morphisms and g is an
X -epic with a kernel. Then
(i) there is a commutative diagram in C except the left above square:
KPB(f)
−γβ

KB
κf

−γg
// ker g
ιg
//
α

C
g
//
( 10 )

B
f

KA
ζfg
// PB(fg)
( ηfg
−θfg
)
//
β

C ⊕XA
(fg,p
A
)
//
(
g 0
0 1
)

A
KA
ζf
// PB(f)
( ηf
−θf
)
// B ⊕XA
(f,p
A
)
// A
where β is X -epic with kernel α;
(ii) −αγ
g
= ζ
fg
Ω(f), γ
β
= γ
g
Ω(ηf ) in the stable category C/X ,
where Ω : C → C is the loop functor defined in Section 2.2.
Proof. (i) The kernels ker g,PB(fg) and PB(f) exist by assumption.
The morphisms κf , pA are as defined in (∗) in Section 2.2 and ηf , θf , ζf , ηfg,
θfg, ζfg, γg are as defined in (∗∗), (∗ ∗ ∗) in Section 3.2. By the univer-
sal property of kernels there are morphisms α, β such that the middle
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squares are commutative. The right squares are obviously commuta-
tive. Note that
(
g 0
0 1
)
is X -epic, we know that β is also ω-epic because
of the following commutative diagram with exact rows:
0 // (X ,PB(fg))
( ηfg
−θfg
)
∗//
β∗

(X , C ⊕XA)
(
g 0
0 1
)
∗

(fg,p
A
)∗
// (X , A) // 0
0 // (X ,PB(f)) ( ηf
−θf
)
∗
// (X , B ⊕XA)
(f,p
A
)∗
// (X , A) // 0
where (X ,−) denotes HomC(X,−) for any X ∈ X .
Since
( ηf
−θf
)
βα =
(
g 0
0 1
)
( 10 ) ιg = (
gιg
0 ) = 0 and
( ηf
−θf
)
is a monomor-
phism, we know that βα = 0. Assume that there is a morphism h :
D → PB(fg) such that βh = 0. Then 0 =
( ηf
−θf
)
βh =
(
g 0
0 1
) ( ηfg
−θfg
)
h =(
gηfgh
−θfgh
)
= 0, i.e. g(ηfgh) = 0 and −θfgh = 0. Thus there is a mor-
phism l : D → ker g such that ιgl = ηfgh. So we have
( ηfg
−θfg
)
αl =
( 10 ) ιgl =
( ηfg
−θfg
)
h. Since
( ηfg
−θfg
)
is a monomorphism, we have αl = h,
i.e. α is the kernel of β.
By the commutative diagram (∗∗) in Section 3.2, we have θfζf =
ιA = θfgζfg and then
( ηf
−θf
)
(ζf−βζfg) =
(
−ηfβζfg
−θfζf+θfβζfg
)
=
(
−gηfgζfg
−ιA+θfgζfg
)
=
( 0ιA−ιA ) = 0. Since
( ηf
−θf
)
is a monomorphism we know that ζf = βζfg.
(ii) By the commutative diagrams (∗), (∗∗), (∗ ∗ ∗), we have( ηfg
−θfg
)
(ζfgκf + αγg) =
( ιgγg
−θfgζfgκf
)
=
(
δgιB
−ι
A
κf
)
=
(
δg
−xf
)
ιB. Since
(fg, p
A
)
(
δg
−xf
)
= fgδg − xfpA = fpB − fpB = 0, there is a mor-
phism s : XB → PB(fg) such that
(
δg
−xf
)
=
( ηfg
−θfg
)
s. Then we have( ηfg
−θfg
)
(ζfgκf + αγg) =
( ηfg
−θfg
)
sιB and thus ζfgκf + αγg = sιB since( ηfg
−θfg
)
is a monomorphism. That is to say ζfgκf +αγg factors through
an object in X . So −ζ
fg
Ω(f) = ζ
fg
κf = αγg in C/X .
Now consider the commutative diagrams:
0 // KPB(f)
ιPB(f)
//
γ
β

XPB(f)
δβ

p
PB(f)
// PB(f)
0 // PB(g)
α // PB(fg)
β
// PB(f)
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and
0 // KPB(f)
ιPB(f)
//
κηf

XPB(f)
xηf

p
PB(f)
// PB(f)
ηf

0 // KB
ιB // XB
p
B // B.
Since g(ηfgδβ − δgxηf ) = ηfβδβ − pBxηf = ηfpPB(f) − pBxηf = 0, there
exists a morphism t : XPB(f) → PB(g) such that ιgt = ηfgδβ − δgxηf .
Then
(
ηfg
−θ
f g
)
α(γβ − γgκηf ) =
(
ηfgδβιPB(f)−ιgγgκηf
0
)
=
(
ηfgδβιPB(f)−δgιBκηf
0
)
=
(
ηfgδβιPB(f)−δgxηf ιPB(f)
0
)
=
(
ιgt
0
)
ιPB(f)
=
( ηfg
−θfg
)
αtιPB(f).
Since
( ηfg
−θfg
)
α is a monomorphism, we know that γβ−γgκηf = tιPB(f),
i.e. the morphism γβ − γgκηf factors through one object in X . So
γ
β
= −γ
g
κηf = γgΩ(ηf ).

3.3. The left triangulated structure on C/X . For any morphism
f : B → A in C, there always has a commutative diagram as con-
structed in (∗∗):
0 // KA
ζf
// PB(f)
θf

ηf
// B
f

0 // KA
ιA // XA
p
A // A.
The morphism f induces a left triangle of the form Ω(A)
ζ
f
→ PB(f)
η
f
→
B
f
→ A in the stable category C/X . The left triangles which are iso-
morphic to the above forms are called distinguished left triangles.
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If f : A→ B is an X -epic with a kernel, then we also have another
commutative diagram as constructed in (∗ ∗ ∗):
0 // KA
ιB //
γf

XA
δf

p
A // A
0 // ker f
ιf
// B
f
// A
and γf is unique in the stable category C/X . That is to say such
morphism f induces another left triangle Ω(A)
−γ
f
→ ker(f)
ιf
→ B
f
→ A
in C/X . The left triangles which are isomorphic to the above forms are
called induced left triangles.
The next lemma shows that the distinguished left triangles and in-
duced left triangles are the same.
Lemma 3.5. [4, Proposition 2.10] Any distinguished left triangle is
induced one and any induced left triangle is distinguished one.
We denote by △X the class of distinguished left triangles.
Dually, if X is covariantly finite in C and each special X -monic has
a cokernel. For a morphism g : C → D, we construct a right triangle
as C
g
→ D
µg
→ PO(g)
pig
→ Σ(C) by the commutative diagram in C
C
νC //
g

XC
piC //

Σ(C) // 0
D
µg
// PO(g)
pig // Σ(C) // 0
with exact rows and the left square being a pushout. Define the dis-
tinguished right triangles as those which are isomorphic to the ones as
the above form. The class of distinguished right triangles is denoted
by △X . We have the following theorem:
Theorem 3.6. Let C be an additive category and X an additive sub-
category.
(i) If X is contravariantly finite in C and every special X -epic mor-
phism has a kernel. Then (C/X ,Ω,△X ) is a left triangulated category.
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(ii) Dually, if X is covariantly finite in C and every special X -monic
morphism has a cokernel. Then (C/X ,Σ,△X ) is a right triangulated
category.
Since special X -epics are X -epics and special X -monics are X -monics,
we have an immediately corollary:
Corollary 3.7. ([4, Theorem 2.12]) Let C be an additive category and
X an additive subcategory.
(i) If X is contravariantly finite in C and every X -epic morphism
has a kernel. Then (C/X ,Ω,△X ) is a left triangulated category.
(ii) Dually, if X is covariantly finite in C and every X -monic mor-
phism has a cokernel. Then (C/X ,Σ,△X ) is a right triangulated cate-
gory.
The proof of Theorem 3.6. We only prove (i). The proof of
axioms of (LT1) − (LT3) in Definition 3.1 are very similarly to the
proof of Theorem 2.12 of [4]. So we only verify the octahedral axiom
of Definition 3.1. For two composable morphisms g : C → B and
f : B → A in C/X , without loss of generality, we may assume that
g : C → B is X -epic with a kernel. The distinguished left triangle
of g is isomorphic to the induced left triangle of g by Lemma 3.5,
i.e. Ω(B)
−γ
g
→ ker(g)
ιg
→ C
g
→ B. By Proposition 3.4, we obtain a
commutative diagram in C/X of left triangles:
Ω(PB(f))
−γ
β

Ω(B)
Ω(f)

−γ
g
// kerg
ιg
//
α

C
g
// B
f

Ω(A)
ζ
fg
// PB(fg)
η
fg
//
β

C
fg
//
g

A
Ω(A)
ζ
f
// PB(f)
η
f
// B
f
// A
where all rows are distinguished left triangles. Since β is X -epic with
kernel α, we know that the left triangle Ω(PB(f))
−γ
β
→ ker(g)
α
→ PB(fg)
β
→
PB(f) is induced and thus is distinguished. Moreover, by (ii) of Propo-
sition 3.4, we have γ
β
= γ
g
Ω(ηf ). 
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4. Stable categories induced from abelian model
categories
In this section we recall the definition of abelian model categories [13,
Definition 2.1], [2, Definition 1.1.3] and Hovey’s correspondence [13,
Theorem 2.2]. As an application of Theorem 3.6, we will construct the
left and right triangulated categories from an abelian model category.
We begin by recalling the definition of model categories in the sense of
Quillen [15], [7],[12], [13], [11], [2].
4.1. Abelian model categories.
Definition 4.1. Amodel structure on a category C is a triple (Cof,We,
F ib) of classes of morphisms, called cofibrations, weak equivalences and
fibrations, respectively, each of which contains isomorphisms, such that
the following axioms are satisfied:
MC 1 (Two out of three axiom) Given two composable morphisms
f and g in C, then if two of the three morphisms f , g and gf are weak
equivalences, so is the third.
MC 2 (Retract axiom) Cof,We,F ib are closed under retracts.
MC 3 (Lifting axiom) Given any commutative square
A //
i

C
p

B
f
//
>>
D
the dashed arrow exists, making everything commutative, provided
that either i ∈ Cof and p ∈ We ∩ F ib or i ∈ C ∩We and p ∈ F ib.
MC 4 (Factorization axiom) Any map f can be factored in two ways:
(i) f = pi, with i ∈ Cof, p ∈ We ∩ F ib, and (ii) f = pi, with i ∈
Cof ∩We, p ∈ F ib.
A model category is a bicomplete category (i.e. a category possessing
arbitrary small limits and colimits) equipped with a model structure.
Given a pointed model category C (a model category with zero ob-
ject), an object A ∈ C is called cofibrant if 0 → A ∈ Cof , it is called
fibrant if A → 0 ∈ F ib, and it is called trivial if 0 → A ∈ We (equiv-
alently to A → 0 ∈ We). We use Cc, Cf , Ctriv to denote the classes
of cofibrant, fibrant, and trivial objects, respectively. The object in
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Ccf := Cc ∩ Cf is called bifibrant. A morphism which are both a cofi-
bration (respectively fibration) and a weak equivalence is called acyclic
cofibration (respectively acyclic fibration).
Definition 4.2. A model structure on an abelian category is called
abelian if the cofibrations equal monomorphisms with cofibrant cok-
ernels and the fibraions equal epimorphisms with fibrant kernels. An
abelian model category is a bicomplete abelian category equipped with
an abelian model structure.
Remark 4.3. For an abelian model category A, the acyclic cofibrations
are precisely the monomorphisms with trivial cofibrant cokernels, the
the acyclic fibrations are precisely the epimorphisms with trivial fibrant
kernels [13, Proposition 4.2].
4.2. Hovey’s correspondence. Hovey characterizes the abelian model
structures in terms of complete cotorsion pairs in [13]. Before we state
Hovey’s correspondence, we first give the related definitions of cotorsion
pairs.
Definition 4.4. [13, Definition 2.3] Let A be an abelian category. A
cotorsion pair in A is a pair (D, E) of classes of objects of A such that
(i) D = {D ∈ A | Ext1A(D, E) = 0}.
(ii) E = {E ∈ A | Ext1A(D, E) = 0}.
The cotorsion pair (D, E) is called complete if the following conditions
are satisfied:
(iii) (D, E) has enough projectives, i.e. for each A ∈ A there exists
a short exact sequence 0 → E → D → A → 0 such that D ∈ D and
E ∈ E .
(iv) (D, E) has enough injectives, i.e. for each A ∈ A there exists
a short exact sequence 0 → A → E → D → 0 such that D ∈ D and
E ∈ E .
For a convenient statement, we follow Gillespie [10, Definition3.1]
to define the notion of Hovey triple. Recall that a full subcategory
W of an abelian category A is called thick if it is closed under direct
summands and if two out of three of the terms in a short exact sequence
are in W, then so is the third.
Definition 4.5. A triple (D,W, E) of classes of objects in an abelian
category A is called a Hovey triple if W is a thick subcategory of A
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and both (D,W ∩ E) and (D ∩W, E) are complete cotorsion pairs in
A.
Theorem 4.6. ([13, Theorem 2.2]) Let A be a bicomplete abelian
category. Then there is a bijection:{
abelian model structures
on A
}
∼ // {Hovey triples of A}
which sends an abelian model structure of A to (Ac,Atriv,Af).
Now let A be an abelian model category. By Hovey’s correspon-
dence, there are two complete cotorsion pairs (Ac,Atri∩Af) and (Ac∩
Atriv,Af). Note that both Af and Ac are additive subcategories of A.
Let ω = Acf ∩Atriv. Then ω is contravariantly finite in Af . In fact, for
each A ∈ Af , there is a short exact sequence 0 → F → C
f
→ A → 0
such that C ∈ Ac ∩ Atriv and F ∈ Af by the completeness of the co-
torsion pair (Ac ∩ Atriv,Af). Since Af is closed under extension, we
know that C ∈ ω. Moreover, for any W ∈ Atri, applying HomA(W,−)
to the above exact sequence we obtain a long exact sequence
0→ HomA(W,F )→ HomA(W,C)
f∗
→ HomA(W,A)→ Ext
1
A(W,F ) = 0.
That is to say f∗ is a surjection and thus f is a right ω-approximation
of A. Dually ω is covariantly finite in Ac. Similarly, we know that Acf
is also contravariantly finite in Af and covariantly finite in Ac.
In general, Af and Ac need not to be closed under taking kernels
of ω-epics and taking cokernels of ω-monics, respectively. But Af is
closed under taking kernels of special ω-epics in Af and Ac is closed
under taking cokernels of special ω-monics.
Proposition 4.7. Let A be an abelian model category and (Ac,Atriv,Af)
the corresponding Hovey triple. Let ω = Acf ∩Atriv Then
(i) ω is contravariantly finite in Af and any special ω-epic in Af has
a kernel in Af . Thus the stable category Af/ω has a left triangulated
structure induced by ω.
(ii) Acf is contravariantly finite in Af and any special Acf-epic in
Af has a kernel in Af . Thus the stable category Af/Acf has a left
triangulated structure induced by Acf .
(iii) ω is covariantly finite in Ac and any special ω-monic in Ac has
a cokernel in Ac. Thus the stable category Ac/ω has a right triangulated
structure induced by ω.
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(iv) Acf is covariantly finite in Ac and any special Acf-monic in
Ac has a cokernel in Ac. Thus the stable category Ac/Acf has a right
triangulated structure induced by Acf .
Proof. We only prove the statement (i) and (ii). The others can be
obtained from the first by duality.
(i) By Theorem 3.6, we only need to prove that any special ω-epic
in Af has a kernel in Af . By above discussion, for each A ∈ Af we
can assign a right ω-approximation pA : WA → A such that pA is a
fibration, i.e. p
A
is an epimorphism with KA = ker pA ∈ Af . For any
special ω-epic morphism (f, p
A
) : B ⊕A→ A, there is pullback square
C
g
//

B
f

WA p
A
// A.
Then C is the kernel of (f, p). Since the class of fibrations is stable un-
der base change [7, Proposition 3.14] we know that g is also a fibration,
then there is a short exact sequence
0→ ker g → C
g
→ B → 0
with ker g ∈ Af . Since Af is closed under extensions, we obtain that
C ∈ Af , i.e. the special ω-epic morphism (f, pA) has a kernel in Af .
The proof of (ii) is similarly. 
Example 4.8. Let A = R-Mod. where R is a Gorenstein ring. Then
there exists an abelian model structure on R-Mod, called Gorenstein
projective model structure with Ac = Gproj(R) (the class of Gorenstein
projective R-modules), Atriv = P
<∞(R) (the modules of finite projec-
tive dimension) and Af = A, [13, Theorem 8.6]. In this case, the class
of trivial bifibrant objects is the class of projective R-modules.The four
stable categories are Af/ω = R-Mod, Af/Acf = R-Mod/Gproj(R),
Ac/ω = Gproj(R), 0. Dually, there exists an abelian model structure
on R-Mod, called Gorenstein injective model structure with Af/ω =
Ginj(R) (the class of Gorenstein injective R-modules), Atriv = I
<∞(R)
(the modules of finite injective dimension) and Ac = A, [13, The-
orem 8.6]. The four stable categories are Ac/ω = R-Mod, Ac/Acf =
R-Mod/Ginj(R), Ginj(R), 0. We want to point out that the left or right
triangulated structure of these stable categories can also be obtained
by Beligiannis-Marmaridis’s Theorem [4, Theorem 2.12].
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4.3. The pretriangulated structures of the homotopy categories
of abelian model categories. The homotopy category Ho(A) of a
model category A is the localization of A with respect to the class
of weak equivalences [8]. By Quillen’s theorem [15, Theorem I.1], the
homotopy category Ho(A) is also equivalent to both the homotopy cat-
egory Ho(Af) and Ho(Ac). We recall the construction of the homotopy
categories concretely. For each A ∈ A, applying factorization axiom,
we can factor the morphism 0 → A as the composite 0 → Q(A)
q
A→ A
with Q(A) ∈ Ac and qA ∈ We ∩F ib. If A is already a cofibant object,
we take Q(A) = A. By construction, Q(A) is in Acf if A ∈ Af . Q
becomes a functor from Af to the quotient category piAcf = Acf/
h
∼
[7, Lemma 5.1, Remark 5.2], where
h
∼ denotes the homotopy relation
which is defined via cylinder or path objects [7, Section 4], see also
Section 5.1 below. Dually, there is a functor R : Ac → piAcf which
is constructed by the factorization of A → 0 as an acyclic cofibration
followed by a fibration A
iA
→ R(A) → 0 for any A ∈ A. The localiza-
tion γ : A → Ho(A) is constructed by sending each object A to A and
each morphism f : A → B to γ(f) = [RQ(f)] the homotopy class of
RQ(A) in piAcf , and as category, Ho(A) is equivalent to the quotient
category piAcf [15, Theorem I.1.1], [7, Remark 5.7, Theorem 6.2]. In
the homotopy category Ho(A), any morphism f : A→ B is of the form
γ(q
B
)γ(iQ(B))−1γ(f ′)γ(iQ(A))γ(q
A
)−1 with f ′ ∈ HomA(RQ(A), RQ(B))
[7, Proposition 5.8]. By the constructions of Q and R we know that
each morphism f : A → B in Ho(Af) (respectively Ho(Ac)) can be
written as γ(α)γ−1(p
A
) (respectively γ(iB)−1γ(α)).
If A is an abelian model category, with the notations as in Section
4.2, the homotopy category Ho(A) is equivalent to the stable category
Acf/ω [5, Theorem VIII,4.2], [9, Proposition 4.3,4.7], [2, Proposition
1.1.14].The full subcategory Af becomes an additive fibration category
and Ac becomes an additive cofibration category in the sense of Defini-
tion 5.1, Remark 5.2. The homotopy category Ho(Af) is a left trian-
gulated category [6, Section I.4, Theorem 3]. The homotopy category
Ho(Ac) is a right triangulated category by duality. Next we will see
that the left (respectively right) triangulated structure of Af/ω (Ac/ω)
induces a left triangulated structure on Ho(Af) ( respectively Ho(Ac)).
Recall that, for each A ∈ Af , we can assign a right ω-approximation
p
A
: WA → A with ker pA = KA ∈ Af . The loop functor of Af/ω is
induced by the functor Ω : Af → Af/ω which sends each A ∈ Af to
KA and each morphism f : A → B to κf , see Section 2.2. Dually,
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for each A ∈ Ac, we can assign a left ω-approximation A
iA
→ WA with
cokernel KA ∈ Ac. The suspension functor of Ac/ω is induced by the
functor Σ : Ac → Ac/ω as defined in Section 2.2.
Lemma 4.9. Let A be an abelian model category. With above nota-
tions, we have :
(i) If f = g in Af/ω, then f is right homotopic to g in Af and thus
γ(f) = γ(g) in Ho(Af).
(ii) If f = g in Ac/ω, then f is left homotopic to g in Ac and thus
γ(f) = γ(g) in Ho(Ac).
(iii) Let f : A → B be a morphism in Af , then γ(f) = γ(g) in
Ho(Af) if and only if fqA = gqA in Af/ω
(iv) Let f : A → B be a morphism in Ac, then γ(f) = γ(g) in
Ho(Ac) if and only if i
Bf = iBg in Ac/ω
Proof. We only prove (i) and (iii). The other two statements are
dual. (i) For the definition of right homotopic relation see Section 5.1.
Assume that f = g : A → B in Af/ω, then there is a factorization of
g − f : A
t
→W
s
→ B with W ∈ ω. Note that B ⊕WB is a path object
of B since we have factorization B
( 10 )→ B⊕WB
(
1 p
B
1 0
)
→ B⊕B. Since p
B
is a right ω-approximation of B, there exists a morphism l : W → WB
such that p
B
l = s. Then we have a commutative diagram
A
(
f
lt
)

( g
f
)
// B ⊕ B
B ⊕WB
(
1 p
B
1 0
)
88rrrrrrrrrr
so
(
f
lt
)
is a right homotopy from f to g.
(iii). By construction, γ(f) = γ(g) if and only if Q(f) is homotopic
to Q(g) in Ho(A) and thus if and only if Q(f) is stable equivalent to
Q(g) in Acf/ω. Since (f − g)qA = qB(Q(f) − Q(g)) [7, Lemma 5.1],
thus if Q(f) = Q(g) in Acf/ω, then Q(f)−Q(g) factors through ω and
then so is fq
A
− gq
A
, i.e. fq
A
= gq
A
in Af/ω. Conversely, if fqA = gqA
in Af/ω, by (i), γ(fqA) = γ(gqA) in Ho(Af) and then γ(f) = γ(g)
since γ(q
A
) is an isomorpshim. 
Lemma 4.10. (i) The functor Ω : Af → Af/ω induces a functor
Af → Ho(Af) which sends weak equivalences into isomorphisms.
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(ii) The functor Σ : Ac → Ac/ω induces a functor Ac → Ho(Ac)
which sends weak equivalences into isomorphisms.
Proof. We only prove (i) since the assertion (ii) is dual. Denote by
γ : Af → Ho(Af) the localization functor as constructed in Section 5.1.
Define a functor F : Af → Ho(Af) which sends each object A ∈ Af
to Ω(A) and each morphism f : A→ B to γ(κf ). This functor is well
defined. In fact, recall the construction of κf :
0 // Ω(A)
ιA //
κf

WA
xf

p
A // A
f

// 0
0 // Ω(B)
ιB // WB
p
B // B // 0.
where p
A
, p
B
are the assigned right ω-approximations of A and B, re-
spectively. If there is another pair of morphisms x′f and then k
′
f sat-
isfy the above commutative diagram, by the discussion of Section 2.2,
κf − κ
′
f factors through WA ∈ ω. Then κf is right homotopic to κ
′
f by
(i) of Lemma 4.9. Thus γ(κf) = γ(κ
′
f ).
Next we will show that F takes weak equivalences into isomorphisms.
It is enough to prove that if f is a weak equivalence then so is κf . Note
that ( 10 ) : A→ A⊕WA and (
1
0 ) : B → B⊕WB are acyclic cofibrations,
thus
(
f 0
0 xf
)
is also a weak equivalence by the two out of three axiom
since
(
f 0
0 xf
)
( 10 ) = (
1
0 ) f is a weak equivalence.
Observe that
(
1 p
A
1 0
)
: A ⊕WA → A ⊕ A is a fibration with kernel
KA
( 0ιA )→ A ⊕WA and
(
1 p
B
1 0
)
: B ⊕WB → A ⊕ A is a fibration with
kernel KB
( 0ιB )→ B ⊕WB. Consider the commutative diagram
A⊕WA
(
1 p
A
1 0
)
//
(
f 0
0 xf
)

A⊕ A
(
f 0
0 f
)

0oo
B ⊕WB( 1 p
B
1 0
)// B ⊕ B 0oo
all the columns are weak equivalences, thus by the Gluing Lemma
[17, Lemma 1.4.1 (2)], we know that κf : KA → KB is also a weak
equivalence. 
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Remark 4.11. By this Lemma we know that the functor F constructed
as in the proof induces a functor which we still denote it by Ω :
Ho(Af)→ Ho(Af) by the universal property of γ. Dually, the induced
functor as in (ii), we still denote it as Σ : Ho(Ac)→ Ho(Ac).
We define the distinguished left triangles in Ho(Af) as those which
are isomorphic to the forms of Ω(A)
γ(ζf )
→ PB(f)
γ(ηf )
→ B
γ(f)
→ A, where
Ω(A)
ζ
f
→ PB(f)
η
f
→ B
f
→ A is a distinguished left triangle in Af/ω. Let
△l be the class of distinguished left triangles. Dually, we define the
class △r of distinguished right triangles of Ac/ω.
In the rest of this section, for simplicity, we will omit the underline
on the object in stable categories but preserve the underline on the
morphisms.
Theorem 4.12. (i) The pair (Ω,△l) is a left triangulated structure
on Ho(Af).
(ii) The pair (Σ,△r) is a right triangulated structure on Ho(Ac).
Proof. (i) We prove the axioms (LT1) − (LT4) of Definition 3.1 one
by one. Recall that any morphism in Ho(Af) starting from A is of the
form γ(α)γ(q
A
)−1.
(LT1) For any morphism f : A → B in Ho(Af), f is of the form
γ(α)γ(q
A
)−1. For α : Q(A) → B there exists a distinguished left
triangle Ω(B)
ζ
α→ PB(α)
η
α→ Q(A)
α
→ B in Af/ω. We have the following
commutative diagram
Ω(B)
γ(ζα)
// PB(α)
γ(ηα)
// Q(A)
γ(q
A
)

γ(α)
// B
Ω(B)
γ(ζα)
// PB(α)
γ(q
A
ηα)
// A
f
// B
in Ho(Af). Since γ(qA) is an isomorphism, thus Ω(B)
γ(ζα)
−→ PB(α)
γ(q
A
ηα)
−→
A
f
→ B ∈ △l by definition. We should remind the reader that the dis-
tinguished left triangle of f is independently of the choice of α by (iii)
of Lemma 4.9.
For any A ∈ Ho(Af), 0→ A
1A→ A→ 0 ∈ △l since 0 → A
1A→ A→ 0
is a distinguished left triangle in Af/ω.
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(LT2) Without loss of generality, it is enough to prove that the
left triangle Ω(A)
−Ω(γ(f))
−→ Ω(B)
γ(ζf )
−→ PB(f)
γ(ηf )
−→ B ∈ △l for a distin-
guished left triangle Ω(B)
γ(ζf )
−→ PB(f)
γ(ηf )
−→ A
γ(f)
−→ B. Since Ω(B)
−Ω(f)
−→
Ω(A)
ζ
f
−→ PB(f)
η
f
−→ A is a distinguished left triangle in Af/ω, we
have Ω(A)
−γ(Ω(f))
−→ Ω(B)
γ(ζf )
−→ PB(f)
γ(ηf )
−→ B ∈ △l. By the construction
of Ω on Ho(Af), Ω(γ(f)) = γ(Ω(f)), then Ω(A)
−Ω(γ(f))
−→ Ω(B)
γ(ζf )
−→
PB(f)
γ(ηf )
−→ B ∈ △l.
(LT3) Without loss of generality, we only consider the following
diagram of distinguished left triangles in Ho(Af) satisfying hγ(f) =
γ(f ′)g:
Ω(B)
γ(ζf )
//
Ω(h)

PB(f)
γ(ηf )
// A
g

γ(f)
// B
h

Ω(B′)
γ(ζf ′ )
// PB(f ′)
γ(ηf ′ )
// A′
γ(f ′)
// B′.
We start with the special case where g = γ(α) and h = γ(β). Since
γ(βf) = γ(f ′α), by (iii) of Lemma 4.9, we have βfq
A
= f ′αq
A
inAf/ω.
So there is a commutative diagram of distinguished left triangles in
Af/ω :
Ω(B)
ζ
fq
A //
Ω(β)

PB(fq
A
)
η
fq
A //
u

Q(A)
αq
A

fq
A
// B
β

Ω(B′)
ζ
f ′
// PB(f ′)
η
f ′
// A′
f ′
// B′.
Consider the commutative diagram in Af
WB
p
B // B Q(A)
fq
Aoo
q
A

WB p
B
// B A
f
oo
Since p
A
is a fibration and q
A
is a weak equivalence, by the Gluing
Lemma [17, Lemma 1.4.1 (2)], the morphism v : PB(fq
A
)→ PB(f) is
also a weak equivalence and thus induces the following commutative
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diagram of isomorphic distinguished left triangles
Ω(B)
ζ
fq
A// PB(fq
A
)
η
fq
A //
v

Q(A)
q
A

fq
A
// B
Ω(B)
ζ
f
// PB(f)
η
f
// A
f
// B.
Then γ(u)γ(v)−1 : PB(f)→ PB(f ′) is the desired filler. For the general
case, let h = γ(α)γ(q
B
)−1. Take a pullback diagram in Af :
C
s //
l

A
f

Q(B) q
B
// B.
Since q
B
is an acyclic fibration, so is s. Write gγ(s) as γ(β)γ(q
C
)−1, then
in Ho(Af), we have γ(f
′)γ(β) = γ(f ′)gγ(s)γ(q
C
) = hγ(f)γ(s)γ(q
C
) =
γ(α)γ(q
B
)−1γ(f)γ(s)γ(q
C
) = γ(α)γ(lq
C
). Thus by the special case,
there is a morphism m : PB(lq
C
) → PB(f ′) in Ho(Af) such that the
following diagram of distinguished left triangles commutes
Ω(Q(B))
γ(ζ
lq
C
)
//
Ω(γ(α))

PB(lq
C
)
γ(η
lq
C
)
//
m

Q(C)
γ(β)

γ(lq
C
)
// B
γ(α)

Ω(B′)
γ(ζf ′)
// PB(f ′)
γ(ηf ′ )
// A′
γ(f ′)
// B′.
Similarly to the construction of v in the proof of the special case, there
exists weak equivalence n : PB(lq
C
) → PB(f) induced by the commu-
tative diagram
A
f
// B
Q(C)
sq
C
OO
lq
C // Q(B)
q
B
OO
in Af . The composite mγ(n)
−1 : PB(f)→ PB(f ′) is the desired filler.
(LT4) The octahedral axiom. Given two composable morphisms
C
g
→ B
f
→ A in Ho(Af). If g = γ(β) and f = γ(α), applying the
octahedral axiom in Af/ω to the morphisms C
β
→ B
α
→ A, we know
that in this special case, the octahedral axiom holds in Ho(Af). In the
general case, we write f = γ(α)γ(q
B
)−1 and γ(q
B
)−1g = γ(β)γ(q
C
)−1.
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By the special case, there is a commutative diagram of distinguished
left triangles:
Ω(PB(α))
γ(ζ
β
)Ω(γ(ηα))

Ω(Q(B))
γ(ζ
β
)
//
Ω(γ(α))

PB(β)
γ(η
β
)
//
n

Q(C)
γ(β)
// Q(B)
γ(α)

Ω(A)
γ(ζαβ) // PB(αβ)
γ(ηαβ) //
m

Q(C)
γ(αβ)
//
g

A
Ω(A)
γ(ζα)
// PB(α)
γ(ηα)
// Q(B)
γ(α)
// A.
By (LT1), the distinguished left triangle of f is isomorphic to the one
of γ(α):
Ω(B)
γ(ζα)
// PB(α)
γ(ηα)
// Q(A)
γ(q
A
)

γ(α)
// B
Ω(B)
γ(ζα)
// PB(α)
γ(q
A
ηα)
// A
f
// B.
Similarly, since g = γ(q
B
β)γ(q
C
)−1, we know that the distinguished left
triangle of g is isomorphic to Ω(B)
γ(ζ
q
B
β
)
−→ PB(q
B
β)
γ(η
q
B
β
)
−→ Q(C)
γ(q
B
β)
→
B. Applying the Gluing Lemma [17, Lemma 1.4.1 (2)] to the following
commutative diagram
Q(B)⊕WQ(B)
(
1 p
Q(B)
1 0
)
//
(
q
B
0
0 xq
B
)

Q(B)⊕Q(B)(
q
B
0
0 q
B
)

Q(C)
(
β
0
)
oo
B ⊕WB ( 1 p
B
1 0
) // B ⊕ B Q(C)(
q
B
β
0
)oo
(for
(
q
B
0
0 xq
B
)
is a weak equivalence, see the proof of Lemma 4.10) we
know that there is a weak equivalence PB(β) → PB(q
B
β) which gives
an isomorphism from the distinguished left triangle of γ(β) to the above
one.
Since we can write fg = γ(αβ)γ(q
C
)−1, we know that the distin-
guished left triangle of fg is isomorphic to the one of γ(αβ). So the
THE LEFT (RIGHT) TRIANGULATED STRUCTURES OF STABLE CATEGORIES 25
octahedral axiom holds for the morphisms f and g in Ho(Af). This
completes the proof of the assertion (i).
The statement of (ii) can be obtained by duality. 
Lemma 4.13. In the situation of Proposition 4.12, we have
(i) (ΣQ,ΩR) is an adjoint pair on Ho(A);
(ii) (RΣ, QΩ) is an adjoint pair on Acf/ω.
Proof. (i) Firstly, we prove that there is a natural isomorphism
HomHo(A)(Σ(A), B) ∼= HomHo(A)(A,Ω(B))
for A ∈ Ac, B ∈ Af . In this case, any morphism from Σ(A) to B is of
the form γ(α) for some α : Σ(A)→ B in A, see the beginning of Section
4.3 or [15, Corollary I.1.1]. For each γ(α) ∈ HomHo(A)(Σ(A), B), by the
construction of Σ(A) and Ω(B), there is a commutative diagram
0 // A //
κα

WA

// Σ(A)
α

// 0
0 // Ω(B)
ιB // WB
p
B // B // 0.
The existence of the middle morphism is since p
B
is a right ω-approximation
and WA ∈ ω. By the discussion in Section 2.2, we know that κα is
uniquely decided by the stable equivalence classes of α in A/ω. Since
A,Σ(A) ∈ Ac and B,Ω(B) ∈ Af , we know that the stable equiva-
lence relations defined via ω is just the homotopy equivalence relation
[9, Proposition 4.4]. So γ(κα) is uniquely decided by γ(α). Dually,
for each γ(β) ∈ HomHo(A)(A,Ω(B)), there is a uniquely morphism
γ(κβ) : Σ(A)→ B. So if we define the map
ϕ : HomHo(A)(Σ(A), B)→ HomHo(A)(A,Ω(B))
which sends γ(α) to −γ(κα), then it has an inverse which sends γ(β) to
−γ(κβ). The naturalness of ϕ can be verified directly by the description
of morphisms in Ho(Af) and Ho(Ac).
In general, for A,B ∈ A, we have natural isomorphisms
HomHo(A)(ΣQ(A), B) ∼= HomHo(A)(ΣQ(A), R(B))
∼= HomHo(A)(Q(A),ΩR(B))
∼= HomHo(A)(A,ΩR(B))
where the first and the last isomorphisms are given by the isomorphisms
Σ(A) → R(Σ(A)) and Q(Ω(B)) → Ω(B) respectively, and the middle
one is by the above proof.
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(ii) Similarly to the proof of (i) we have adjunction isomorpshim
ϕ : HomAcf/ω(RΣ(A), B)→ HomAcf/ω(A,QΩ(B))
which sends α to −Q(καiΣA) where i
ΣA : ΣA → RΣA is the acyclic
cofibration and καiΣA is constructed as in the proof of (i). The inverse
of ϕ sends a morphism β to −R(κβ). 
Recall that a pretriangulated structure on an additive category C is
a quadruple (Ω,Σ,△l,△
r) such that (i) (Ω,Σ) is an adjoint pair with
unit η and counit ε. (ii) (Ω,△l) is a left triangulated structure on
C and (Σ,△r) is a right triangulated structure on C. (iii) For any
diagram in C with commutative left square
A
f
//
α

B
g
//
β

C
δ

h // Σ(A)
εC′Σ(α)

Ω(C ′)
f ′
// Ω(A′)
g′
// B′
h′ // C ′.
where the upper row is in △r and the lower row is in △l, there exists a
morphism δ making the diagram commutative. (iv) For any diagram
in C with commutative right square
A
f
//
Ω(α)ηA

B
g
//
δ

C
β

h // Σ(A)
α

Ω(C ′)
f ′
// Ω(A′)
g′
// B′
h′ // C ′.
where the upper row is in △r and the lower row is in △l, there exists
a morphism δ making the diagram commutative.
C is called a pretriangulated category if there is a pretriangulated
structure on C, [3, Definition 4.9], [12, Definition 6.5.1].
Corollary 4.14. (i) The left triangulated structure (Ω,△l) and right
triangulated structure (Σ,△r) is a pretrianguated structure on the ho-
motopy category Ho(A).
(ii) The left triangulated structure (Ω,△l) and right triangulated
structure (Σ,△r) induce a pretrianguated structure on the stable cate-
gory Acf/ω.
Proof. Since we have equivalences Ho(Af) ≃ Ho(A) ≃ Ho(Ac), by
Theorem 4.12, (Ω,△l) and (Σ,△
r) give the homotopy category Ho(A)
left and right triangulated structure. By Lemma 4.13, we only need to
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verify (iii) and (iv) in the above definition. For (iii), without loss of
generality, we only consider the following diagram
A
γ(f)
//
γ(α)

B
γ(µf )
//
γ(β)

PO(f)
γ(pif )
// Σ(A)
εCΣQ(γ(α))

Ω(C)
γ(ζg)
// PB(g)
γ(ηg)
// D
γ(g)
// C.
with A,B,C,D ∈ Acf (note that in this case any the morphism from
A to Ω(C) is of the form γ(α)) such that the left square commutative.
Let ϕ be the adjunction isomorphism. Then εCΣQ(γ(α)) = ϕ
−1(α), by
definition (see the proof of Lemma 4.13) this is −γ(κα) as constructed
by the commutative diagram
0 // A
νA //
α

WA
yα

piA // Σ(A)
κα

// 0
0 // Ω(C)
ιC // WC
p
C // C // 0.
Since γ(βf) = γ(ζgα), by (iii) of Lemma 4.9, we know that βf − ζgα
factors through ω
A
βf−ζgα
//
t
""❊
❊❊
❊❊
❊❊
❊❊
PB(g)
W
s
OO
Since W ∈ ω, there is a morphism l : WA → W such that lνA =
t. Denote the cobase change of f along νA by mf . Since we have
ηgβf = ηg(st + ζgα) = ηgst = ηgslν
A, by the pushout property, there
is a morphism δ : PO(f) → D such that δµf = ηgβ and δm
f = ηgsl.
Similarly, since θgβf = θgst + θgζgα = θgslν
A + ιCα = (y
α + θgsl)ν
A,
there exists a morphism z : PO(f) → WC such that zµ
f = θgβ and
zmf = yα+θgsl. Then (pCz−gδ−κ
αpif)mf = 0 = (p
C
z−gδ−καpif)µf
and thus p
C
z−gδ−καpif = 0 by the uniqueness of the pushout property.
So we have gδ = −καpif and then γ(g)γ(δ) = −γ(κα)γ(pif) by Lemma
4.9. The morphism γ(δ) : PO(f)→ D is the desired fuller. Dually we
can prove that the assertion (iv) in the above definition holds.
(ii) Let Q(△l) be the class of left triangles of the form QΩ(C)
Q(h)
−→
Q(E)
Q(g)
−→ Q(D)
Q(f)
−→ Q(C). Where Ω(C)
γ(h)
−→ E
γ(g)
−→ D
γ(f)
−→ C is a dis-
tinguished left triangle in △l. Then (QΩ, Q(△l)) is a left triangulated
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structure on Acf/ω (note that Q : Ho(Af)→ Acf/ω is an equivalent).
Dually, let R(△r) be the class of right triangles of the form R(A)
R(f )
−→
R(B)
R(g)
−→ R(C)
R(h)
−→ RΣ(A). Where A
γ(f)
→ B
γ(g)
−→ C
γ(h)
−→ Σ(A) is a
distinguished right triangle in△l. Then (RΣ, R(△r)) is a right triangu-
lated structure on Acf/ω (note that R : Ho(Ac)→ Acf/ω is an equiva-
lent). Note that the stable category Acf/ω are subcategories of Ho(Af)
and Ho(Ac), we have that △l contains Q(△l) and △
r contains R(△r)
respectively. Then by (i), the quadruple (RΣ, QΩ, Q(△l), R(△
r) is a
pretriangulated structure on Acf/ω. 
5. Appendix
In this appendix we will show that for an additive category C and a
contravariantly finite additive subcategory X , if X is closed under di-
rect summands and every X -epic has a kernel, then C becomes an addi-
tive fibration category with fibration structure induced by X . Moreover
the stable category C/X is just the homotopy category of the fibration
category C. So it has a left triangulated structure as has been shown
by K. S. Brown in [6]. This left triangulated structure coincides with
the one constructed in Section 3.2.
5.1. The homotopy categories of additive (co)fibration cate-
gories. The notion of fibration categories was first introduced and
studied by K. S. Brown under the name “categories of fibrant objects”
in [6]. The dual notion of fibration categories is cofibration categories.
For more details we refer [17] and [16]. For simplicity, we only state
the case of fibration categories and omit the dual one.
Definition 5.1. An additive fibrantion category (C,We,F ib) consists
of an additive category C and two classes of morphisms, the fibrations
F ib respectively the weak equivalences We, that satisfy the following
axioms (F1)− (F4).
(F1) All isomorphisms are fibrations and weak equivalences. Fibra-
tions are closed under composite. Every morphism to a terminal object
is a fibration.
(F2) (Two out of three axiom) Given two composable morphisms f
and g in C, then if two of the three morphisms f , g and gf are weak
equivalences, so is the third.
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(F3) (Pullback axiom) Given a fibration p : B → A and any mor-
phism f : C → A, there exists a pushout square
D //
q

B
p

C
f
// A
in C and the morphism q is a fibration. If additionally p is a weak
equivalence, then so is q.
(F4) (Factorization axiom) Every morphism in C can be factored as
the composite of a weak equivalence followed by a fibration.
Remark 5.2. (i) Dually we can define the notion of an additive cofi-
bration category (C,We, Cof). The morphism in the class Cof is called
cofibration.
(ii) The notions of fibration and cofibration categories can be defined
on general categories and are a substantial generalization of Quillen’s
closed model category [15]. From a closed model category one obtains
a fibration category by restricting to the full sucategory of cofibrant
objects and a cofibration category by restricting to the full subcate-
gory of fibrant objects. The further relevant reference on fibration and
cofibration category are [6], [16] and [17].
(iii) The pair (We,F ib) (respectively (We, Cof)) is called a fibra-
tion structure (respectively cofibration structure) if (C,We,F ib) (re-
spectively (C,We, Cof))is a fibration (cofibration) category.
Definition 5.3. ( [8]) Let C be a category, andW a class of morphisms
of C. A functor γ : C → D is said to be a localization of C with respect
to W if
(i) γ(f) is an isomorphism for each f ∈ W;
(ii) whenever F : C → D′ is a functor carrying elements of W into
isomorphisms, there exists a unique functor G : D → D′ such that
Gγ = F .
The homotopy category of an additive fibration category C is any
localization of C at the class of weak equivalences. That is a pair
(Ho(C), γ) consists of a category Ho(C) with the same objects as C and
a localization γ : C → Ho(C) that is identity on objects. Next we recall
the description of Ho(C) in [6].
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A path object for an object A in a fibration category is an object AI
of C together with a factorization of the diagonal map A
(1A,1A)
−→ A
∏
A:
A
q
→ AI
(p0,p1)
−→ A
∏
A
where q is a weak equivalence and (po, p1) a fibration such that p0q =
p1q = 1A. Note that every object has a path object and the morphisms
p0, p1 are acyclic fibrations. Thus γ(p0) = γ(p1) in Ho(C) since γ(q) is
an isomorphism.
Two morphisms f, g : A → B in a fibration category are called
homotopic if there exists a path object BI for B and a morphism H :
A → BI (called the homotopy) such that f = p0H and g = p1H . If
f and g are homotopic we denote by f
h
∼ g. Homotopic morphisms
become equal in the homotopy category. In fact if f
h
∼ g via H , then
γ(f) = γ(p0)γ(H) = γ(p1)γ(H) = γ(g).
Two morphisms f, g : A→ B in a fibration category C are equivalent
if there is an acyclic fibration t : A′ → A such that ft
h
∼ gt. We will
write f ∼ g. This is an equivalence relation. Define a category piC to be
the category with the same object as C and with HompiC(A,B) equal
to the quotient of HomC(A,B) by the equivalence relation ∼. Then
the weak equivalence class in piC admits a calculus of “right fractions”,
and the homotopy category Ho(C) is obtained from piC by inverting the
weak equivalence, see [6, Proposition 2] and [8, Chapter I.2-I.3].
Part (i) and (ii) of the following theorem are the Theorem 1 and
Remarks 2 of [6]. Part (iii) is the dual statement of Corollary I.3.3.2
of [8].
Theorem 5.4. ([6, Theorem 1, Remarks 2]) Let C be a fibration cat-
egory and γ :M→ Ho(C) the localization functor, then
(i) The morphisms in Ho(C) are precisely of the form γ(f)γ(t)−1,
where f, t are morphisms in piC and t is an acyclic fibration.
(ii) If f, g : A ⇒ B are morphisms in C then γ(f) = γ(g) if and
only if there is an acyclic fibration t : A′ → A such that ft
h
∼ gt.
(iii) If further C is an additive category, so is Ho(C).
5.2. The induced (co)fibration structures. Now let C be an ad-
ditive category and X a full additive subcategory. Assume that X is
closed under direct summands. We recall the following notations which
were introduced in [3, Definition 4.7].
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Definition 5.5. X is called left (right) homotopic if the following
conditions hold:
(i) X is a contravariantly (covariantly) finite in C.
(ii) Any X -epic (X -monic) has a kernel (cokernel) in C.
For an additive category C and its additive full subcategory X which
is closed under direct summands. Define classes of morphism as F ibX
the class of X -epics, CofX the class of X -monics and WeX the class
of stable equivalences (i.e. morphisms which are isomorphisms in the
stable category C/X ). We call a fibration (respectively cofibration)
structure (We,F ib) (respectively (We, Cof)) on C induced if there is
some full additive subcategory X which is closed under direct sum-
mands. such that We =WeX and F ib = F ibX (Cof = CofX ).
Motivated by Theorem 4.5 of [3] on the relationship between the
functorially finite subcategories and the induced model structure for
an additive category with split idempotents. We have the following
result. Note that we do not assume that the additive category has
split idempotents.
Theorem 5.6. (i) There is a bijection:{
induced fibration
structures of C
}
∼ //
{
left homotopic
subcategories of C
}
which sends an induced fibration structure (WeX ,F ibX ) to X . The
inverse map sends a left homotopic subcategory X to (WeX ,F ibX ).
(ii) Dually, there is a bijection:{
induced cofibration
structures of C
}
∼ //
{
right homotopic
subcategories of C
}
which sends an induced cofibration structure (WeX , CofX ) to X . The
inverse map sends a right homotopic subcategory X to (WeX , CofX ).
Proof. The second statement follows from (i) by duality. So we only
prove the first. Given an induced fibration structure (We,F ib) on C,
assume that it is induced by X . By the pullback axiom we know that
any fibration, i.e. X -epic morphism has a kernel. For any A ∈ C, take
a nonzero morphism f : X ′ → A with X ′ ∈ X . Factoring f as the
composite X ′
i
→ X
p
→ A such that i is a weak equivalence and p a
fibration. By definition i is an isomorphism in C/X and p is X -epic.
Thus X ∼= X ′ ∼= 0. So the identity 1X can be factored as a composite
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X
t
→ X ′′
s
→ X . Since s is X -epic, it has a kernel and then X is a
direct summand of X ′′ since s is split. By assumption, X is closed
under direct summands, we know that X ∈ X and then p is a right
X -approximation of A. That is to say X is contravariantly finite in C.
Conversely, given a left homotopic subcategory X of C. LetWeX ,F ibX
be defined as above. We need to verify the axioms of Definition 5.1
one by one. The axioms (F1) and (F2) of Definition 5.1 are obviously
by the construction of WeX and F ibX . For any morphism f : A→ B,
take a right X -approximation p
B
: XB → B, then f can be written as
A
( 10 )→ A⊕XB
(f,p
B
)
→ B with (f, p
B
) ∈ F ibX and ( 10 ) ∈ WeX . Thus the
factorization axiom (F4) holds. For any diagram
B
p

C
f
// A
with p a fibration. Since p is X -epic, we know that (f, p) : C ⊕B → A
is also an X -epic, thus it has a kernel D by assumption. D is the
pullback of f and p, i.e. there is a pullback square
D //
q

B
p

C
f
// A
By the pullback universal property we know that q is also an X -epic
and then a fibration. If in addition p is a weak equivalence, i.e. p
is an acyclic fibration. Then p is split epimorphism with kernel in
X by Lemma 4.4 (2) of [3]. Then the base change q is also a split
epimorphism with kernel in X , thus it is also an acyclic fibration. So
we proved the pullback axiom (F3). 
Let C be an additive fibration category with induced fibration struc-
ture by X . Then the homotopy category Ho(C) is the stable category
C/X . In fact, any morphism in Ho(C) is of the form γ(f)γ(t)−1 with
t an acyclic fibration by (i) of Theorem 5.4. Thus t is a split epimor-
phism with kernel in X by Lemma 4.4 (2) of [3], i.e. t has a right
inverse. So any morphism of Ho(C) is of the form γ(f) with f in C.
Thus HomHo(C)(A,B) ∼= HompiC(A,B) (see Section 5.1). Similarly we
know that f ∼ g in C if and only if f
h
∼ g. But f
h
∼ g is equivalent to
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f and g are stable equivalent. Thus Ho(C) ∼= C/X . For A ∈ Ho(C), the
suspension of A is constructed by K. S. Brown in [6] as the kernel of a
fibration AI → A⊕A which is part of a path object of A. But in this
case, any path object of A is of the form A
( 10 )→ A⊕XA
(
1 p
A
1 0
)
→ A⊕ A,
where pA is a right X -approximation of A. So the suspension of A is
the kernel p
A
which is the same as constructed in Section 3.2. The
distinguished left triangles constructed by Brown is the same as the
induced left triangles as we have defined in Section 3.2.
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